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Abstract 



Conformal rescaling of conformal Yano-Killing tensors and relations between 
^ . Yano and CYK tensors are discussed. Fullback of these objects to a submanifold 

qh| is used to construct all solutions of a CYK equation in anti-de Sitter and de 

Sitter spacetimes. Properties of asymptotic conformal Yano-Killing tensors are 
examined for asymptotic anti-de Sitter spacetimes. Explicit asymptotic forms 
of them are derived. The results are used to construct asymptotic charges in 
asymptotic AdS spacetime. Well known examples like Schwarzschild-AdS, Kerr- 
AdS and NUT- AdS are examined carefully in the construction of the concept 
] of energy, angular momentum and dual mass in asymptotic AdS spacetime. 

m 

g : 1 Introduction 

O ' According to [28j one can define, in terms of spacetime curvature, two kinds of con- 

served quantities with the help of conformal Yano-Killing tensors (see |3S], [ID])- 
I Sometimes they are also called conformal Killing forms or twistor forms (see e.g. [B], 



I [30], [36], [37]). The first kind is linear and the second quadratic with respect to the 

Weyl tensor but a basis for both of them is the Maxwell field. Conserved quantities 
which are linear with respect to CYK tensor were investigated many times (cf. [1], 
[T6] . [T7] . [26] , [27], [2H], [31], [32]). On the other hand, quadratic charges are less 
known and usually examined in terms of the Bel-Robinson tensor (see e.g. [8], [9], 

In electrodynamics the linear quantity corresponds to electric or magnetic charge 
and the quadratic one expresses the energy, linear momentum or angular momentum 
of the Maxwell field. In gravity both kinds of charges play a role of energy. The linear 
conserved quantities (as two-surface integrals) correspond to ADM mass and hnear 
or angular momentum but bilinear ones are not obviously related to energy. They 
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rather play a role of energy estimates like in [TO] (cf. p]). In this paper we analyze 
the existence and the properties of the linear charges for asymptotic anti-de Sitter 
spacetimes. 

Let M be an n-dimensional (n > 1) manifold with a Riemannian or pseudo- 
Riemannian metric g^^. The covariant derivative associated with the Levi-Civita 
connection will be denoted by V or just by By T..(^j,)... we will denote the 

symmetric part and by T..[^i,]... the skew-symmetric part of tensor T..^,y... with respect 
to indices ^ and v (analogous symbols may be used for more indices). 

Let Qfj_y be a skew-symmetric tensor field (two-form) on M and let us denote by 
Qakct a (three-index) tensor which is defined as follows: 

2 

Q\Kcj{Q, g) ■■= Qxn;a + QaK;\ 7 {QaxQ" k;u + gK(\Qaf ;^) ■ (1-1) 

77, — 1 

The object Q has the following algebraic properties 

Qxn^g^^ = = Qx^^^g^^ , Qa.^ = 2m-a , (1.2) 

i.e. it is traceless and partially symmetric. 

Definition 1. A skew-symmetric tensor Q^y is a conformal Yano-Killing tensor (or 
simply CYK tensor) for the metric g iff QxnaiQ^g) = 0. 

In other words, Q^j,i, is a conformal Yano-Killing tensor if it fulfils the following 
equation: 

2 

QxK;a + Qo-k;A = T [QaxQ^ n;v + 9K(xQcrf ;a) (1-3) 

77—1 

(first proposed by Tachibana and Kashiwada, cf. [39]). 

A more abstract way with no indices of describing a CYK tensor can be found in 
[7| , [30] , [36] or ^37j , where it is considered as the element of the kernel of the twistor 
operator Q —> %jistQ defined as follows: 

VX %,^stQ{X) := VxQ - -^X^ dQ + ^—-9iX) A d*Q . 

P + 1 77— p+1 

However, to simplify the exposition, we prefer abstract index notation which also 
seems to be more popular. 

The paper is organized as follows: In Section 2 we prove the Theorem: if Q is a 

(n + l) 

CYK tensor of the ambient (77 + l)-dimensional spacetime metric 9 (in a special 
form), then its pullback to (the correctly chosen) submanifold is a CYK tensor of the 

(n) 

induced metric 9 , which may be easily applied for anti-de Sitter embedded in fiat 
pseudo-Riemannian five-dimensional manifold. In the next Section we use the pre- 
ceding results to construct all CYK tensors in de Sitter and anti-de Sitter spacetimes. 
Section 4 is devoted to the anti-de Sitter spacetime together with some important 
examples. In particular, we construct (more explicitly than usual) Fefferman-Graham 
canonical coordinates for the Kerr-AdS solution. Next Section contains analysis of 
symplectic structure at scri and, finally, in the Section we analyze asymptotic 
charges. To clarify the exposition some of the technical results and proofs have been 
shifted to the appendix. 
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2 Fullback of CYK tensor to submanifold of codi- 
mension one 

(n+1) 

Let iV be a differential manifold of dimension n + 1 and 9 its metric tensor (the 
signature of the metric plays no role). Moreover, we assume that there exists a 

4 (n+1) 

coordinate system (x ), where A = 0, . . . ,n, in which 9 takes the following form: 

=/(«)/;. + sdM^ (2.1) 

where s is equal to 1 or — 1, -u = x", / is a certain function, and h is a certain tensor, 
which does not depend on u. The metric ( 12. ip possesses a conformal Killing vector 
fielcQ y/fdu- Tensor f{u)h is a metric tensor on a submanifold M := {u = const.}. 

(n) (n) 

We will denote it by fi' . We will distinguish all objects associated with the metric 9 by 
writing (n) above their symbols. Similar notation will be used for objects associated 

. , , . 

With the metric 9 ■ 
It turns out that: 



(n + 1) 

Theorem 1. If Q is a CYK tensor of the metric 9 in N, then its puHback to the 

(n) 

submanifold M is a CYK tensor of the metric 9 . 

Proof. In order to show this, we need to derive some helpful formulae. Let us notice 
that in coordinates we hav^: 

(n + 1) (n+l) (n + 1) (n) 

9 uu = s, 9 up = 0, 9 ^,u=9^u ■ (2.2) 
It means that the only non- vanishing derivatives of the metric are the following: 

(n + 1) , X (n) , (n + 1) (n) 

9 t,u,u = Hu) 9f,u and 9 ^^,p =9f,u,p , (2.3) 

where $(«) = (log /(«)). Using the formula 

r ^Bc = -^9^^{9db,c + 9dc,b — 9bc,d), 

(n+1) 

we compute all non-vanishing Christoffel symbol of the metric 9 ■ 

(n + 1) , 1 . (n + 1) e (n+1) (n) 

r ^„ = -$(u)5^, r V = -^Hu)9,., r =r (2.4) 



"'^A conformally rescaled metric 9 — j 9 = ^'^^J^ = h + sdv^ (where dw := f{u) du) has 
the Kilhng vector dy — \/Jdu, which is a conformal Kilhng vector field for the original metric (12. 

^In this chapter we will use the convention that indices denoted by capital letters of the Latin 
alphabet go from to n and Greek indices go from to n — 1. The index u denotes n-th component 
of a tensor. 
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Using formulae (12.41) we compute: 

T^i'p '^Mp r vp r pp 

= Vp Qi^p + |'^'(M)Q«pC/pz. + |$(M)<3r.n^pp • (2.5) 

(n) (n) 

Let us denote ^p:= S'^'^ Vp Qi/p- The formula (12. 5p directly implies that: 



(n + l) _ (n) n — 1 



^7^^^ VpQup=ip+s^^^{u)Q^p. (2.6) 



Tensor Q satisfies the CYK equation, i.e. 

(n+l) (n+l) 2 / + \ 

V aQbc+ V bQac = -\9ab i c - 9c{b i a)\ ■ (2.7) 
Substituting A = B = u and C = p we get: 

(n+l) S (n + l) 

V?iQMp = — ^p- (2-8) 
n 

Using formulae (12.61) and (12. 8p we compute: 

(n+l) (n+l) (n+l) (n+l) 

^P = 9^^ VcQap = 9'''' VuQup + 9^'' VpQup 

1 (n+l) (n) n — 1 

= - ip+s^^{u)Qup (2.9) 

which implies: 

(n+l) ri (n) »i 

ep = ;^ ^,+s-^{u)Q^p. (2.10) 
Using formulae (12.51) and (12.101) we get: 

(n + l) (n + l) 2 / + \ 

V a Q\K + V A QaK - -{9a\ i K - 9k{\ i a)\ = 

(n) (n) 2 / (") (") \ , , 

= V aQ\K+V \QaK- ^^—^ {9cr\ ^ « " ^k(A ^ a) 1 • (2.11) 

Left-hand side of the equation (12. lip vanishes because Q is a CYK tensor of the 

(n + l) 

metric 9 ■ This implies that the right-hand side is also equal to zero, hence the 

(n) 

puUback of Q to the surface u = const, is a CYK tensor of the metric 9 . □ 
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3 CYK tensors in the de Sitter (and anti-de Sitter) 
spacetime 

In this Section we will discuss the problem of existence and basic properties of CYK 
tensors for de Sitter and anti-de Sitter metrics. These metrics are solutions to the 
vacuum Einstein equations with the cosmological constant A having a maximal sym- 
metry group. Therefore, they can be treated as a generalization of the flat Minkowski 
metric to the case of nonzero cosmological constant. De Sitter metric is a solution of 
Einstein equations with positive cosmological constant. Anti-de Sitter metric corre- 
sponds to negative cosmological constant. We will restrict ourselves to the case of four 
dimensional metrics, although they can be defined for manifolds of any dimension (cf. 
[21] . |34j). In dimension four we can express these metrics with the use of coordinate 
system (t, r, 6*, 0) as follows 

^ = -(l-^^) dt^ + dr^ + rMr]2, (3.1) 

where dfl2 '■= dO"^ + sin^^d0^ is a unit sphere metric and / is a certain constant 
related to the cosmological constant by the formula A = 3s /P. Moreover, s is equal 
to 1 for de Sitter metric and —1 for anti-de Sitter metric. When / goes to infinity, the 
cosmological constant goes to zero and the metric (13. ip approaches a flat metric, as 
one could expect. 

Quite often it is more convenient to use another (rescaled) coordinate system 
together with the following notation: i = j, f = j. In coordinates (t, f, 9, 0) (anti-)de 
Sitter metric has the following form: 



~9 = f 



[-1 + sf^) dr + dr + H dQ2 

1 — sr^ 



(3.2) 



(Anti-)de Sitter manifold (denoted by M) is (by definition) Einstein spacetime i.e. 
its Ricci tensor is proportional to the metric. Its Weyl tensor vanishes which means 
it is a conformally fiat metric (i.e. there exists a conformal rescaling which brings it 
to the fiat Minkowski metric). As we have shown in [21], four-dimensional Minkowski 
spacetime admits twenty- dimensional space of solutions of the CYK equation. More- 
over, the following 

Theorem 2. IfQ^u is a CYK tensor for the metric g^y, then Vt^Q^y is a CYK tensor 
for the conformally rescaled metric Vl^g^y. 

(proved in |23|) implies that (anti-)de Sitter also admits precisely twenty independent 
CYK tensorqj. We will show in the sequel how to obtain them in an independent way 
and examine their basic properties. 



■^In general, this might be true only locally, e.g. in [23] one can find some global topological 
difficulties with the conformally covariant solutions of Maxwell and Dirac equations for cosmological 
models conformal to Minkowski spacetime. 
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In order to do that we use the immersion of our four-dimensional (anti-)de Sit- 
ter spacetime in five-dimensional flat pseudo-Riemmannian manifold with signature 
(s, 1, 1, 1, —1). In order to make formulae more legible we will use the following con- 
vention: Greek indices /i, z/, . . . label spacetime coordinates in M and run from to 
3; Latin indices j, . . . label space coordinates and run from 1 to 3, and finally in- 
dices denoted by capital letters of the Latin alphabet go from to 4 and they label 
coordinates in N . 

Let be a five-dimensional differential manifold with a global coordinate system 
iy^)- We define the metric tensor rj of the manifold by the formula: 

Tj = TjAB dy^® dy^ = s d?/°(g) dy°+ dy^O dy^+ dy^O d?/^+ dy^® dy^- dy"^® d?/^ . (3.3) 

Let M be a submanifold of defined by: 

r^ABV^y'' = sf. (3.4) 

The metric rj restricted to M is just the (anti-)de Sitter metric (cf. [33]). In order to 
see this, let us introduce a coordinate system (t, f, 9, 0) on M. However, we need to 
consider the cases s = 1 and s = — 1 separately. For s = 1 a parametrization of M 
takes the following form: 



2/° = /Vl-f2 cosht, (3.5) 

y-*^ = /f sin6'cos0, (3.6) 

= Zf sin6'sin0, (3.7) 

y^ = If cose, (3.8) 



y* = /Vl - f2 sinht (3.9) 
If s = — 1, the analogous formulae are the following: 



= /Vl + f2cost, (3.10) 

j/^ = /f sin 6* cos 0, (3-11) 

y'^ = If sin 9 sin (J) , (3-12) 

y^ = If cose, (3.13) 



y 



4 = yi + f^sint. (3.14) 
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Let us notice that functions I, i, f, 9 and (j) can be considered as the local coordinate 
system on A^. Substituting formulae fl3.5l) - fl3.9p or fl3.10p - fl3.14p into definition fl3.3p 
of the metric t] we get: 



[-1 + sf2) dP + ^ df2 + f2 dfia 

1 — sr^ 



(3.15) 



In particular, formula f l3.15p implies that 7] restricted to the surface M := {/ = 
const.} C has the same form as the metric g (cf. (13. 2p ). 

Identifying the (anti-)de Sitter spacetime with the submanifold M enables one to 
find all Killing vector fields of the metric g. The vector fields 

d d 
Lab ■= Vatt-^ - Vb 



(where yA '■= VABy^) are the Killing fields of the metric t]. However, the formulae 
defining the fields Lab depend on the sign s. For s = 1 we get: 



^40 



HO 



d_ 



(3.16) 



coshtT-^ + Vl — sinht— (3-17) 



Vl -f2 dt dx' 

_ _ 

; sinh t—^ — — f"^ cosh t^— , (3.18) 



Vl -f2 dt dx' 



■ d ■ d 

=x'—-x^ — , (3.19) 
ox^ ax* 

where in the coordinate system on instead of spherical coordinates f, 6, we use 
Cartesian x^ := ^ = fn'', k = 1,2, 3. 

If s = —1 in coordinate system {l,t,x^) we have: 



^40 



d_ 

dt 



(3.20) 



L,4 = cos t^ + Vl + f2 sin t-^ (3.21) 

_|_ f2 (jt dx^ 

It is easy to notice that those fields are tangent to M and therefore their restrictions 
to the submanifold are Killing fields of the induced metric. The fields defined on as 
well as their restrictions to M will be denoted by the same symbol Lab- Restricting 
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the fields Lab to M we get 10 hnearly independent Kilhng fields of the metric g. This 
is the maximum number of the independent Killing fields the four-dimensional metric 
can have, so L^b span the space of the Killing fields of the metric g. 

The formula fl3.15p shows that the metric rj in the coordinates {l,t,f,6,(j)) has 
the form (12. ip which implies that the CYK tensors of the metric t] restricted to the 
surface / = const, are the CYK tensors of the induced metric. In this way from the 
CYK tensors in N we obtain the CYK tensors in M. Let us consider 10 linearly 
independent tensors dy^ A dy^ defined in N. Obviously they are Yano tensors of the 
metric r]. Their restriction to the submanifold M gives us 10 linearly independent 
CYK tensors of g. None of them is Yano tensor. We hav^: 

3 

^ for dy° A dy' equals s-Loi, (3.24) 



P' 
3 

^ for d?/° A dy^ equals — s-rLo4, (3.25) 

3 

C, for dy^ A dy^ equals — s—Lij, (3.26) 

i 

3 

^ for dy* A dy"^ equals s—Li^ (3.27) 

(remember that according to the previous notation ^ for a CYK tensor Q is defined by 
the formula ^'^ := Q^^ ■^). It turns out that all the tensors of the form *( dy^ A dy^) 
(where * denotes Hodge duality related to the metric g) are Yano tensors. Tensors 
dy^ A dy^ and *( dy^ A dy^) are linearly independent and there are twenty of them, 
therefore they span the space of all solutions of the CYK equation for the (anti-)de 
Sitter metric. 

At the end, we consider the correspondence between CYK tensors in Minkowski 
spacetime and the solutions of CYK equation in (anti-)de Sitter spacetime - tensors 
dy"^ A dy^ and *( dy^ A dy^). To be more precise, we examine the behaviour of the 
coefficients of the latter when we pass to the limit / — ^ oo (as we know, in this limit 
the metric g becomes the fiat Minkowski metric). There is, however, a crucial issue 
we have to mention. Any CYK tensor can be multiplied by a constant, but on M the 
function I is constant. Therefore in order to obtain finite, non-zero limit we have to 
multiply each CYK tensor by a proper power of /. Finally we get 



^Tensors restricted to M will be denoted by the same symbols as the tensors defined on N . Hence 
can be treated as functions on M defined by the formulae p.5p - ()3.9|) or (|3.10|) - (l3.14p . where I is 
a constant. 
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lim(di/*A dy^) = (7- at;-), 

lim *( dy* A Ay^) = *(7^ A 7^), 

Z— ►oo 

lim(dy^Ady^) = (To A 7;), 

\im*{dy' A dy^) = *(^oAT), (3.28) 

>CXD 



lim(/d?/° A dy*) = -5(1) at;), 



Mm *{l dy^ A dy') = -s*{VATi), 
1^00 

lim(Zd?/° A dy^) = s{V ATq), 

lim *(/ d?/° A dy^) = s*{V ATq), 

1^00 

where the space of Kilhng fields is spanned by the fields 

V-^, Cf.u ■■= x^— - (3.29) 

(here (x'^) are Cartesian coordinates, = rj^^x^ , rj^^ := diag(— 1, 1, 1, 1)) and 
d 

V := x^"—- (3.30) 

is a dilation vector field. 

Remark : The formulae (13.28P imply that different CYK tensors in the (anti-)de 
Sitter metric may converge to the same tensor in Minkowski spacetime, e.g. *( dy^ A 
dy'^) and dy"^ A dy^ go to *(Ti A 7^) = % A%, although *{dy^ A dy^) differs from 
dy'^ A dy^. 

Moreover, we obtain the rest of CYK tensors in the Minkowski spacetime as fol- 
lows: 



(3.31) 



lim P{dy^ A dy^ 


- *dy^ A dy^) 


= -sCi2 


lim /^(dy^ A dy^ 

1^00 


- * dy^ A dy"^) 


= -sCi3 


lim /^(dy^ A dy^ 

1^00 


- *dy^ A dy^) 


= -SC23 


lim l^{dy^ A dy^ 

l—>co 


- *dy^ A dy^) 


= sCqi , 


lim l\dy^A dy^ 

l—fOO 


- *dy^ A dy^) 


= sCo2 , 


lim l\dy^A dy^ 


- *dy^ A dy'^) 


= ■s£o3 5 



where 

C..... ■=V A C... - 

2 



li^,:=V AL^,--r]{V,V)%A% (3.32) 



(and s = 1 for de Sitter, s = — 1 for anti-de Sitter respectively). The above formulae 
show how to obtain all CYK tensors in Minkowski spacetime from the solutions of 
CYK equation in (anti-)de Sitter spacetime. 



4 Asymptotic anti-de Sitter spacetime 

For asymptotic analysis let us change the radial coordinate in the anti-de Sitter metric 
(13. ip as follows 

/ _ r 1 — z'^ 

r + yf2^' ~ 2z ' 

which implies that 
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AdS — n 
Z^ 



(4.1) 



The above particular form of ^Ads is well adopted to the so-called conformal com- 
pactification (see e.g. [H], [H]). More precisely, the metric g on the interior M of a 
compact manifold M with boundary dM is said to be conformally compact if g = fl^g 
extends continuously (or with some degree of smoothness) as a metric to M, where 
is a defining function for the scri = dM, i.e. Q > on M and f2 = 0, dQ ^ 
on dM. In the case of AdS metric (14.11) we have 

5(Ads = fi^^Ads, where ^ := y • 

According to [13], [18] and [M], our four-dimensional asymptotic AdS spacetime 
metric g assumes in canonical coordinate^ the following form: 

g = g^^ dz^ ® dz" = ^ [dz ® dz + hab dz" dz'') (4.2) 
and the three-metric h obeys the following asymptotic condition: 

(0) (2) 

h = hab dz" ® dz' = h+z^h+z\ + O(z^) . (4.3) 
Let us observe that the term x vanishes for the pure AdS given by (14.11) . Moreover, 

(0) (2) 

the terms h and h have the standard form 
(0) 1 

h = -{dn^-dP), (4.4) 

= -^(dfi2+ dp). (4.5) 



^Sometimes it is called Fefferman-Graham coordinate system. 
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(0) (2) 

For generalized (asymptotically locally) anti-de Sitter spacetimes tensors h and h 
need not to be conformally "trivial", i.e. in the form (14.41) and (14. 5 p respectively. Such 
more general situation has been considered e.g. by Anderson, Chrusciel [2], Graham 
[13], Skenderis [52]. Let us stress that in the general case only the induced metric 

(0) (2) 

h may be changed freely beyond the conformal class, h is always given by (14.811) . 

(0) 

Moreover, h and x form a symplectic structure on conformal boundary (cf. Section 

E]). 

However, we assume the standard asymptotic AdS: The induced metric on is in 
the conformal class of the "Einstein static universe", i.e. 

(0) 

/i =exp(cu)(dn2- dF) (4.6) 

for some smooth function uj. This implies that our is a timelike boundary. 

We use the following convention: Greek indices /x, z/, . . . label spacetime coordinates 
in M and run from to 3; Latin indices a,b, . . . label coordinates on a tube S := {z = 
const.} and run from to 2. 

Functions given by equations (13.1011311^ and restricted to M can be expressed 
in coordinate system (z^) = (z°, z^, z^, z^) = {i, 9, 0, z) as follows 

yO = Q-^Lt^ cost , (4.7) 



y 

where k 



n 



1-z' 



-n 



_ 1 + z'^ 
n ^ sin t . 



1, 2, 3, and 



sin 6 cos ( 
sin 6 sin ( 
cos 6* 



(4.8) 
(4.9) 



is a radial unit normal in Euclidean three-space (identified with a point on a unit 
sphere parameterized by coordinates {9,(j))). 

Let us denote a CYK tensor in AdS spacetime by ^-^^^Q := Idy^ A dy^. Coordi- 
nates y"^ restricted to M, given by equations (l4.7H4.9p . lead to the following explicit 
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formulae for two-forms ^^^^Q: 
1. 



(4.10) 



Vt^'^ [(1 - z%n^ dn^ - dn^) ^ dz + z{l - z'^f dn^ A dn'^] , (4.11) 



-Vt''^ [(1 - 2^)^008 tdn^ A dz + n^{l + z^fsintdi^ dz (4.12) 
+ z{l - z^) sintdra'' A dt] , 
[^'^iQ = ^Q-'^[{l-zysmtdn''Adz-n''{l + z^fcostdtAdz (4.13) 
- z{l - z'^)cosidn^ A dt] . 
The other ten solutions we get applying Hodge star isomorphism. More precisely, an 



sm 



orthonormal frame e° := Q-^ (^^^ dt, := Q-^ (^^^ dO, := Vt'^ i^^-'" 

:= dz for the metric tensor (14. ip . i.e. ^Ads = ~e°®c° + X]fc=i e^^^e^, enables one 
to calculate Hodge dual in a simple way, i.e. *(e°Ae^) = —e'^Ae^, *(e° Ae^) = —e^Ae^, 
*(eO A e^) = -e^ A e^, *{e^ A e^) = e° A e^ *{e'^ A e^) = e° A e\ ^(e^ A e^) = e° A e^. 
Moreover, 



dn 



cos 9 cos </) d^ — sin 9 sin i 
cos ^ sin (j)d9 + sin 6* cos (p d(f) 
-sm9d9 



2VL 
1^ 



cos 9 cos — sin cj) 
cos 6' sin (1)6^ + cos 
— sin 



Finally, for the dual two-forms *Q we have 

.2\ 3 



where 



l-z' 



2n 

l + z^ 

l-z^ 
20? 
l-z' 



dtA 



sin 6' d6' A dcj) , 

l-z^ 



zin} dz 



dn' 



l-z'' 



COS tdt + z sin t ds; 1 A ri-' dn'^ 



sintdn-' A dn 



1-Z 

20? 



2 r 



cos t dn^ A dz — sin t 



l-z' 



cos if: I ^— ] dn-'' A dn'' 



+ 1 if ijk is an even permutation of 1, 2, 3 
Eij-fc := — 1 if zj/c is an odd permutation of 1, 2, 3 
in any other cases 



n 



(4.14) 
(4.15) 
(4.16) 



.^dn'^Adt (4.17) 
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According to Theorem [2] for conformally rescaled metric g^^s we get conformally 
related CYK tensors Q := Q~^Q. Their boundary values at conformal infinity 
:= {z = 0} take the following form: 

(4.18) 
(4.19) 
(4.20) 
(4.21) 

In Section [6], when we define charges associated with CYK tensors, it will be clear that 
(14.181) corresponds to the total energy and (I4.19P to the angular momentum. From 
this point of view CYK tensors (14. 20114. 2T|) correspond to the linear momentum and 
static moment. Similarly, for dual conformally related CYK tensors *Q := * Q 
we obtain the following boundary values at conformal infinity: 



[04] (Ql _ 


^ dt A d^: , 




[ifc]/n| _ 


-M dn'' - 
4 


n^dn^) A d^ , 


m]r)\ - 
^\z=0 ~ 


- (cost dra'' 
4 ^ 


A dz + sin tdt /\ dz) 




- (sintdn'^ 
4 ^ 


A dz -n'' cos tdt A dz) 



[04] 



Q 



z=0 



2=0 



z=0 



2=0 



- sin 6^ d6' A dd 

8 ^ 

-ejkidn' A dt 



1 



COS t dt A dn^ sin t dn^ A dn^ 

2 



cos if: dn' A dn - sin t n' dn A dt 



Let us notice that the "rotated in time" boundary values for 

1 



(*[°*]Q cost + *[^*'Q sin t) \^^^ 
(*[^*]gcost- *[°^lQsint^ \^^^ 
and respectively for '^^^Q, ^°'^<5 
cost + sint) 
([^'=lQcost-[°'=]Qsint) 



-eijkdt A n' dn 
o 

1 



tijk dn^ A dn 



I 2 = 



I 2 = 



16 



■ drr A dz , 



-n d2;A dt 



(4.22) 
(4.23) 
(4.24) 

(4.25) 

(4.26) 
(4.27) 

(4.28) 
(4.29) 



significantly simplify. 

We denote by {z^^) the coordinates on a unit sphere (M = 1, 2, z^ = 6, z"^ 
and by 'Jmn the round metric on a unit sphere: 



dQo 



M A^N 



'Jmn dz dz 



de^ + sin^ e i 
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Let us also denote by e^'^^ a two-dimensional skew-symmetric tensor on S"^ such that 
sin6'£:^'^ = 1. Boundary values for Killing vector fields Lab at are: 
d_ 

d . I _d_ 



-^40 I 

Ljk\ 
Lii\ 



-NMl 



z=0 



2=0 



2=0 



- d 

cost'y^^i dn^) — sintn*— ^ 

- ■ d 

sin t7~^ ( dn*) + cos tn* 7-^ 

at 



(4.30) 
(4.31) 

(4.32) 
(4.33) 



Together with (14.1 8114. 2T|) and (14.41) they lead to the following universal formula: 



where L^^ := r]^'^\]^^ Lcd- Similarly, 



(4.34) 



*[^^]Q = L^^Jvol(/i) 



AB 



,(0), 



(4.35) 



(0) / (0) 

where vol( h) '■= \J — det dt A d^ A d</) is a canonical volume three-form on J^. 
Moreover, 



sintsin 6 



— cos t cos 9 sin 9 
—z cos t siv? 9 



1 + 
2 

1 + z^ 



1-z 



2\ 2 



A dt 



2 

1-z^ 



1 - z 



2\ 2 



-/1 + 22 

sint 



2 

d0 A d^; 
1 — z- 



d9A 



(4.36) 



dn^ — dn^) A dt 



-fl + z^ 
— cost 



1-2=^ 



dn^ A dra^ 



(4.37) 



-2; cost 



-fl-Z' 



and 



[12] 



l-z' 



+ 



2 

l-;22 



72 dn — n dn ) /\ dz 



dn" A dn^ 



n dn — n dn ) A dz 



(4.38) 



Formula (13.311) suggests that CYK tensor ^^^'Q — *^^^^Q should correspond to C12 
in Minkowski spacetime hence the third (z-th) component of angular momentum may 
correspond to t^^^Q — *^^'^^Q instead of '^^^Q (see Section [6]). 



14 



4.1 Examples 

Schwarzschild-AdS solution (cf. [22]): 

ds^ = - - + 1 dt^+ - + 1 



r I 



(4.39) 



may be transformed into the canonical form (14 ■2p with the help of the coordinate z 
defined by the following elliptic integral: 



z = exp 



dw 



w 



where b := ^ and w := K For the function F implicitly defined by the following 
conditions: 

w 

F(6,0) = 0, F{0,w) = -— — ^ + arsinhw, 



OF 



1 + w'' 



w 



we have 

w 



i + VTT 



exp[bF{b, w)] . 



(4.40) 



Let us change a temporal coordinate in M to t = j. On surface S the three-metric h 
can be expressed as follows: 



h 



exp(6F) 

1 + VI + 1 



[dQ2- {l+w^ ~bw^)dP] 



with the components given only in an implicit fornj^. Moreover, the asymptotics of 
F: 

F{b, w) = - l-i/;^ + ^ o^^7) 
zU io 

enable one to derive the asymptotic form ( 14. 3p for the three-metric hab in the Schwarzschild- 
AdS spacetime. More precisely, 



h = e 



2bF 



1-z'e 



2^-2bF 



dfis - 



3„-3fcF 



1 — z-^e 



dt 



J2 



and 



F = -z' {l + 0{z')) 



^In order to have it explicitly we should express variable w in terms of z, i.e. we have to find the 
inverse function w{z) for z(w) given by (|4.40p . 
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give 



(0) 

h 

(2) 
h 



X 



i2^ 



-idn2- di 
4 



4m 



+ 2 dt 



r2\ 



(4.41) 
(4.42) 
(4.43) 



The solution of Einstein equations with mass, angular momentum and negative 
cosmological constant is explicitly given by 



9kc 



gtt df + 2gts dt dcj) + Qrr dr^ + gee dO'^ + 



where 



2mr + a? sin^ 6 ^ o n 

^tt = -IH 1 ' 5't</. = -asm 



2mr r + a 



(4.44) 



1 



31^ COS-^ ' 



sin^^ 



(r^ + a') 



a 
72 



2^ 2mra^ sin^ 6' 
+ 



with p2 and A defined as follows: 



P 



r + a cos 6 and A := r — 2mr + a 



(4.45) 



(4.46) 



Asymptotic behaviour of hab for Kerr-AdS is analyzed in Appendix A and gives the 
following result: 



(0) 

h 



(0) 

h 



X 



- a sm 
4 



1 — cos^ 6 



1 — a? cos^ 6 
+2a sin^ ^dt d0 + sin^ ^(1 - a^) d<f - d? 
l-a2 



d^^ + 



4(1 - a sine) L 



de' + sin' e d$' 



dt 



i2 



— 1 2 d? - 4a sin^ ^ dt d0 + ( 1 - + Sa^ sin^ 9) sin^ ^ d0^ 



de^ 



1 — a? cos^ ^ 



(4.47) 



(4.48) 



(4.49) 



where the canonical coordinate systems (t, 6*, 0, z) is precisely defined in Appendix A. 
Moreover, another system of coordinates (t, 0, $, R) given by flA.19tiA.2T]) enables one 



(0) 



to check explicitly conformal fiatness of h (see formula fl4.48p above). Parameters a, 
h are the rescaled constants a and m respectively, a := j , b := ^ . 
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According to [19], the Plebanski-Demianski metric for the case of black- hole space- 
times becomes 

^2 



(]2 [p 



Q 



[dt - (asin2^ + 41sin2|) d0]' - dr 



P 

7l 



adt- (r^ + {a + \y 



Q 

2 



-^sin^^d^^ 
P 



(4.50) 



where 



and 



n ■■ 
P 

Q 



03 

a4 



a 



1 (1 + a cos 6) r , 

to 

: + (1 + acos6')2 , 
sin^ 6* (1 — 03 cos 9 — cos^ 1 



n 



(u k + e + g ) - 2mr + er - 2a— r"^ 

UJ 



2a-m - W^{uj'^k + + g"^ 



4— al, 
3 



Q^k 



A 

— I r' 

3 



(4.51) 



(4.52) 



with e, n and k given by the following formulae: 



— + 4a- m - (a^ + 3r) 



— iuj^k + e^ + g^) + - 
uj^ 3 



n 



ijj 



UJ^kl 

a2 -P 



- 12 



a2 -P 



■ m + (a 



1 



P)! 



^ (^2^ + + /) + 
UJ'' 3 



+ 3a^r A; = 1 + 2a- m - 3a^ — (e 



UJ 



UJ" 



9 



PA. 



(4.53) 
, (4.54) 
(4.55) 



It is also assumed that |a3| and |a4| are sufficiently small that P has no additional 
roots with 6 G [0, it]. This solution contains eight arbitrary parameters m, e, g, a, 1, 
a, A and u. Of these, the ffist seven can be varied independently, and u: can be set 
to any convenient value if a or 1 are not both zero. 

When a = 0, fH35]) becomes uj'^k = (l-PA)(a2-l2) and hence (11351) and (KM^ 
become 

e = l-(la2 + 2P)A, n = 1 + - 4P)1A. 

The metric is then given by ( ]4.50p with 



Q = l, 

p2 ^^2 j^^Y + acos6')2 , 

P = sin^ ell + |Aal cos 6 + ^Aa^ cos^ 6) , 

g = (a2 - P + e2 + g^) -2mr + r^-A \{a^ - P)P + (la^ + 2P)r2 + 
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This is exactly the Kerr-Newman-NUT-de Sitter solution in the form which is regular 
on the half-axis = 0. It represents a non-accelerating black hole with mass m, electric 
and magnetic charges e and a rotation parameter a and a NUT parameter 1 in a 
de Sitter or anti-de Sitter background. It reduces to known forms when 1 = or a = 
or A = 0. 

It would be nice to understand in what sense this solution is asymptotically AdS 
when we choose A negative. We start the analysis of this question with a simplest 
nontrivial extension of Schwarzschild-AdS, namely we assume the following form of 
the metric: 



dfia + A-^ dw^ 



A 



Q 

dt-4rsin^-d0 



(4.56) 



which corresponds to the choice a = a = e = g = 0,K = —^ in fl4.50p . Moreover, 

1 



A ■= l + w'il + QP) -bw 



and b, w,t were defined previously (6 := ^ 



1 + 3P)Pw^ 
, w : = 



z is defined by the following integral: 



/ : = 



t := |). The canonical coordinate 



z = exp 




(0) 

which should be more deeply analyzed if we want to obtain x- For h the situation 
is much simpler because corresponds to z = w = and the induced metric at 
takes the following form: 



(0) 

h 



dfia - dt - 4/ sin^ 



e 



(4.57) 



and its inverse 

h'"'dadb = A 



sm fc' \ 2 



(4.58) 



All the above calculations in this Section bring us closer (with the help of "succesive 
approximation method" ) to the answer what is the asymptotics of hat in Kerr-NUT- 
AdS spacetime. We know already the full asymptotics of Kerr-AdS, i.e. when / = 

(0) (2) 

(see Appendix A), and we derive h, /i for NUT-AdS, i.e. when a = (cf. (14.571) . 
(14.811) and Appendix B). This is enough to perform the analysis of asymptotic charges 
(see Section [6]). We hope to extend our calculations for the full Kerr-Newman-NUT- 
AdS spacetime in the future. 
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4.2 Conformal rescaling 

The method exploits the properties of the asymptotic anti-de Sitter spacetime under 
conformal transformations. Let us consider a metric g related to by a conformal 
rescaling: 

9,. = n-'9,u ^ r = ^'9"'- (4.59) 
It is straightforward to derive 

f^. = r^, + 5\9,f/ + 5^9,t/-(7..V'^f/, (4.60) 

where V denotes the covariant derivative of g and U := — logfi. Moreover, in the 
case of asymptotic AdS we can choose 

Riemann tensor is defined as usual: 

pM "pM I "pM I -pM ry pA' p7 

To analyse Einstein equations we shall use the following formula (cf. chapter 3.7 
in [38]): 

R^u = Rf.. - U-^'';a9^.. + in-2) {U,^U,, - a^U-^^'g^, - U,^,) . (4.61) 

A (3 + l)-decomposition of the rescaled metric g in canonical coordinates takes a 
simple form: 

g = g^^ dz^" (g) dz" = hab dz°- dz'' + dz dz , 

where h is the induced metric on a tube S. 
The extrinsic curvature 

Kab ■= ^dsgab 

of the surface S enables one to derive the following Christoffel symbols for the Levi- 
Civita connection of the metric (7^,^: 

Tafe = -Kab , ^tb = Kcbh"'' . 
Moreover, the rest of them are as follows: 

r^^ = r^3 = o, vi = vuh). 

Ricci tensor of the four-metric g expresses in terms of initial data [h, K) on S as 
follows: 

R^^ = -d^K\-K\K\, (4.62) 
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(4.63) 



R3a = K\\,-K\\a, (4.64) 

where by "|" we denote a covariant derivative with respect to the three-metric h and 
TZab{h) is its Ricci tensor. 

Riemann tensor (curvature of the metric g): 

R\cd = + K,,K% - KmK\ , (4.65) 

R^abc = Kab\c - Kac\b , (4.66) 

R\3b = -dsKab + KacK\ . (4.67) 
In particular, 

The conformal Weyl tensor is defined as follows (cf. [15j ) 

W^^Ap = i?^Ap + g.ixSp]'' - d'^ixSp], , (4.68) 

where 

Sfiu Rfii/ '^Rdf^u • 

Gauss-Codazzi- Ricci equations (14.651 - H.67I) imply: 

Racdbh"'^ = -T^ab{h) + K^cKab - Kb^K^a , 
^a'^'^Rsbcd = ^a^ {j^bd\c — Kbc\d) = —'2^a''^Kbc\d , 

where the Levi-Civita antisymmetric tensor for the three-metric h such that 

V-det/ie°i2 _ x_ 

Components of the Weyl tensor (with respect to initial data on S) one can nicely 
describe in terms of traceless symmetric tensors E and B, electric and magnetic parts 
of W respectively. The electric part can be derived as follows: 

Eab:=WaZb3 = Wacdbh'" = Racdbh"" + [KidSb]'' - KidSb],) (4.69) 
= -nab{h) + K%Kab-K,,K\ + l-Sab + habS,dh"', (4.70) 



2 2 



where 



Sab = nab{h)-]:n{h)Kk + ]:hab{K' + 2dsK) (4.71) 
6 6 



+2K,,K''a - dsKab - KK, 



ab 
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as a consequence of (14 .62114 .6^ and K := K'^^- 

The magnetic part of W takes the following form: 

5,6:=W„363 = -W,336 (4.72) 
= —-j^^a'^R'ibcd + Sa'^gc[dSb]-i (4.73) 

= ea"'K,,\, + ]^ea'"'h,,Sd^ (4.74) 
= \ea"'K,,\a + \e,'''Ka,\,, (4.75) 
where S'a^ = R^a is given by fl4.64l) . and the magnetic part (I4.72p we derived as follows: 

= Sa'^R'ibcd + £a'^gb[cSd]'i — g'i[cSd]b ■ (4.76) 

The Einstein equations with cosmological constant 

may be rewritten with the help of the conformal transformation f l4.6ip in the following 
form: 

= ^33 - A^33 = i?33 + \gabK\ , (4.77) 

2 1 

Q = Rab- Agab = Rab + -K^b + -gabK% , (4.78) 

z z 

= R3a- Aha = Rsa = K\\, - K\\, , (4.79) 

where the last equahty follows from fl4.64p . Equation fl4.79p is the usual vector con- 
straint. The scalar one is hidden in the term Rabh"''' — Rss- More precisely, from 
(SIS]), flTO]) . (l4TrD and (I4T8|) we obtain 

[TZabih) + K,,K\ - K%Kab\ h'^' + -^K\ = . 

The equations fl4.78p imply the standard asymptotics (14. 3 p for the three-metric h. 
Moreover, for the extrinsic curvature Kab we get: 

^ > ^, 3^ 



Kab = z \ h + ?>zx] + 0{z'') , (4.80) 

where 

(2) 1(0) /(0)\ /(0)\ 

hab = ^habTl[ h]-nab[h] (4.81) 
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(cf. [M]). In addition, equation (14.621) together with (14.771) rewritten in the form 



dsK% - -K\ + K\K\ = 

z 



imply 

Xafe/i"' = 0. (4.82) 
Let us also notice that the leading order term in the vector constraint 

(2) 

corresponding to h in (14.801) is equivalent to the contracted Bianchi identity 



1 
2 

However, the next order term gives for x the following constraint: 

Vb(/i)x'a = 0. (4.83) 
Equations (I4.82p and (I4.83P express the fact that the tensor x which is not determined 

(0) 

by asymptotic analysis is transverse traceless with respect to the metric h ■ 
Finally, 

Eab = -^ZXab + 0{z^) , (4.84) 

Z [ (2) (2) \ 

Bab = ^iea'"'hbc\ci + eb"'hac\dj+0{z^) (4.85) 

= ~{ea"'n,,ia + eb"'nac\d)+Oiz^). (4.86) 
Let us denote 

Pab '■= £a'"^Tlbc\d + Sb"^'Rac\d (4.87) 

the leading order term in Bab which plays a similar role to the tensor x Bab- 
Symmetric tensor (3 is equivalent to the Cotton tensoi0 

Cabc '■= T^ab\c — T^ac\b + " {hacT^\b " habR'\c) (4.88) 

via the following relation between them: 

Pab = ^a^'^Cbcd = '2£a"''T^bc\d — -£ab'^T^\c 

(0) 

which implies that for the usual asymptotic AdS spacetime, i.e. when metric h is 
conformally flat and its Cotton tensor vanishes, the tensor /3 has to vanish as well. 

(0) 

In general case, for non-trivial h , contracted Bianchi identities for Ricci tensor 
TZab imply that the tensor /? has the same properties as x, i-e. is transverse traceless. 

A generalization of some results presented in this Section to higher dimension of 
the spacetime can be found in 0, [21] . 



Three-dimensional counterpart of the Weyl tensor. 
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5 Symplectic structure on tube 

In [29] the following theorem was proved: 

Theorem 3. Field dynamics in a four- dimensional region O is equivalent to 

S [ L = --^ [ g,i6U'' , (5.1) 
Jo JdO 

where Qki is the three-dimensional metric induced on the boundary dO by g^^p and 11 
is the extrinsic curvature (in A.D.M. densitized form) ofdO. 

This theorem shows the universality of the symplectic structure: 

^n'^'A^gki. 

do 

In our case a boundary data on 5* consists of the three-metric hab and canonical 
A.D.M. momentum which is related with extrinsic curvature Kab in the usual 

way: 

Qab = V^— ^ (j^ab — h^'^Kcdhab^ ■ 

Conformal rescaling of the three-metric and extrinsic curvature 

hab = ^^^'^hab , Kab = 7= = ^ Kab hab 

^U33 V Z J 



'^33 

enables one to analyze the symplectic structure as follows: 

habSQ"' = S (habQ''') - Q^'Shab 

= S(h'''Qab)+QabSh^'. (5.2) 

In particular, 05.21] implies 

6hab A ^Q^^^ = / 6Qab A 5/1"" . 

s Js 



Moreover, 

QabSh"' = n-^^/^(^Kab--hab- K\ha!}j5h'''' (5.3) 

= + ^]-^v^ {Kab - h'^K^^hab) Sh""' . (5.4) 

With the help of standard variational identitites: 
1 



6V-h = -V-hh^'^Sh 



2 ' 



23 



6Rab{h) = 6r 



able 



-6r 



ac\b : 



h{Rab- ^KbR I 5/^'^" + 



6 (V-hR{h)j = 
we analyze the singular part of (15.31) as follows: 



= j6 i^AQ-^v^ + Q-^V^n^ + full divergence (5.5) 
which is a full variation up to boundary terms. Finally 



lim / 6Qab A 6h 



ab 



3f / 6 
3/2 / 6 



(0) / (0) 
det h Xab - habX < 



(0) 
/\Shab 



(5.6) 



where := {z = = e} is a tube close to infinity. Symplectic structure (15.61) on 



(0) 



conformal boundary consists of the metric h ab and canonically conjugated momenta 



rab ._ 



(0) 



(0) 

c 1 ab ^,ab 



:= 3/^ V - det /i x^c h"- X I in A.D.M. densitized form. 



6 Asymptotic charges 



Let F^^ := W^yp^QP'^ and F^^, := W^^^p^QP'^ respectively. The conformal rescaling 
(14.591) and Theorem [2] (see [23]) imply a simple relation between F and F: 

Fp, = n-'Fp,. (6.1) 



According to [28j, Hodge dual of the two- form F represented by a bivector density 
defines an integral quantity at as follows: 



J(C) := lim / F^^dS^ 



lim Q-^F^^'dS 



liu I 1 



where Cz is a family of spheres approaching C - sphere at infinity (cut of J^), 
dSp^ := a/- det gdp A (9^J dz° A . . . A dz^ , 

dSp^ := a/- det gdp A (9^J dz° A . . . A dz^ . 

Let us consider asymptotic CYK tensor as a two-form Q such that a boundary 
value at of the corresponding rescaled tensor Q is a linear combination of (I4.34p 
and (14.351) . i.e. its boundary value is the same as in the case of pure AdS spacetime 

1KB. 



24 



For asymptotic AdS spacetime formulae (14.841) and (14.861) imply that lim2^o+ ^~^W 
is finite. Moreover, for a given ACYK tensor Q we obtain the well defined expression 
I{C) which depends only on asymptotic values at J^. Let us check that for a given 
value Q at the quantity /(C) does not depend on the choice of cut C, i.e. represents 
a conserved quantity. We have 

lim n-^F^'^dS.A = I ( lim Q-^F^^dS, 
c v^^o+ / Jc V^o+ 

(0) (0) ^ 

where d^^ := 9„Jvol(/i). Moreover, for Q{L) = h{L) A dz (cf. ( KM) ) 
lim Q-^F^"- = lim Q-^W^''^"'Q.^ = QIx\L\ 

(0) ^ ^ 

Similarly, for *Q{L) = L\vol{h) (cf. (gSSD) we get 
lim Q-^F^^ = lim Q-^W^''^"' *Q.^ = 1(3\L\ 

2-»0+ 2^0 + 

where P°'b is given by (I4.87p . If L = L^db is a conformal Killing vector field for the 

(0) 

metric h (which is true for ACYK tensors Q) the conservation law for /(C) results 
from transverse traceless property of tensors x and (3. More precisely, for three- volume 
V C such that dV = Ci U C2 we have 

x\L'dSa - [ x^L'dSa = I x\L'dSa= I V a{x\L'')^fo\Ch) (6.2) 

Ci JC2 JdV Jv 



[ [L'VaX\ + X^'ka\b)]yo\i^h) = 0. (6.3) 
Jv 



Let us define the following quantity: 



H{Q) ■■=^1^ n-'F^^{Q) dS,, . (6.4) 

For ACYK tensor Q in asymptotic AdS spacetime the corresponding quantity H{Q) 
is conserved, i.e. does not depend on the choice of spherical cut C. In particular, for 
the conformal Killing vector field L and Q{L) given by f l4.34p the conserved charge 
H{Q{L)) may be expressed in terms of electric part of Weyl tensor and takes the 
following formic proposed by Ashtekar [1], [5] (see also [21]): 

//(Q(L)) = --L [ n-'E\L'dSa. (6.5) 

In the Schwarzschild-AdS spacetime (14.391) for the Killing vector 



*The apparent incompatibility of factors between our integral H{Q{L)) and Ashtekar's definition 
is related to a different choice of conformal factor il, our choice is twice smaller. 
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definition (16 ■4p gives (minus) mass: 



If ?>} C (0) 

H{Q{L)) = ——- / n-^E\dSa = — / x%V-det /ided(/) = -m. (6.7) 
167r Jc 167r Jc 

The last equality in the above formula follows from fl4.4ip and fl4.43p . Obviously, the 
same value —m we obtain for Kerr-AdS metric fl4.44p . Moreover, in the Kerr-AdS 
spacetime for L = Sr we obtain the angular momentum: 



/ r ?>r r / (0) 

H{Q{L)) = ~-— / n-^E%dSa = — / x%V-det/id^d0 = ma. (6.8) 

The details of calculations for the Kerr-AdS spacetime we present in the Appendix 
lA.ll Let us observe that our conserved quantity H{Q{L)) in terms of the symplectic 
momenta vr"* at takes the following form: 

H{Q{L)) = --^ [ 7i\L'd9d^, (6.9) 
lovr Jc 

which is in the same A.D.M. form as the usual linear or angular momentum at spatial 
infinity in asymptotically flat spacetime (cf. [11] p. 80). 

(0) 

Remark: In general case, when h is not conformally fiat, it may happen that one 
obtains asymptotic charge which is no longer conserved — Bondi-like phenomena (cf. 

m)- 

The "topological" charge one can try to define as follows: 

Hi*QiL)) = ^[ f]-iF^-(*Q)d5^, = --^ / n-'B\L'dSa. 

dZTT Js2 167r Js2 

We want to stress that, in general, we can meet problems with finding spherical cuts 
of J^. Hence the choice of a domain of integration for the corresponding two-form 
F^'^ {*Q) dS^i, has to be carefully analyzed. In NUT-AdS spacetime a conformal 
boundary equipped with the metric f l4.57p is a non-trivial bundle over 5*^ - two- 
dimensional sphere. However, for L given by (16. 6p . when the above formula pretends 
to define "dual mass" charge, we have 

-Q-^B\L^dSa = -jQ-^B^dSa (6.10) 



= ^ V - det deAd(f)+ di A (/3^ - (3% d(j))] 

= 2rsin0d^ A d0, (6.11) 

where the last equality one can easily check using formulae from Appendix B. Let us 
notice that the resulting two-form projects uniquely on the base manifold which is a 
two-dimensional sphere. Finally we have 



2H{*Q{L)) = — /" 4/ sin ^ d^ d0 = // = 1 
16vr Js2 



'52 

which confirms that we can interpret the NUT parameter 1 as a dual mass charge. 
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7 Conclusions 



We have constructed all solutions to CYK equation in AdS (and de-Sitter) spacetime 
via pullback technique from five- dimensional fiat ambient space. 

Analyzing three important examples: Schwarzschild-AdS, Kerr- AdS and NUT- 
AdS, we have shown how geometrically natural two-form F (built from Weyl tensor 
W and ACYK tensor Q), leading to the universal definition of a global charge (16 ■4p . 
enables one to understand energy, angular momentum and dual mass in asymptotic 
AdS spacetime. Definition (16 ■4p occurred to be equivalent to two other important 
formulae (16.51) and (16. 9p . 

The relation between Killing vector fields L and CYK tensors Q has been ex- 
amined. However, the relation (I3.3ip between AdS and Minkowski suggests some 

(0) 

ambiguity in the definition of angular momentum when the three-metric h is not 
conformally fiat. More precisely, CYK tensor '^^^Q — corresponds to CYK ten- 

sor Ci2 in Minkowski hence if([^^lQ — ^'^^'Q) should correspond to the third component 
of the angular momentum. Obviously, in the standard asymptotic AdS spacetime the 
quantity i/(*[^^](5) vanishes and the ambiguity disappears. 

A Canonical coordinates for AdS-Kerr near ^ 

The solution of Einstein equations with mass, angular momentum and negative cos- 
mological constant explicitly given by (14.440 can be rewritten near as follows: 



S'Kcrr-AdS 



— (1 + aV cos^^) 
+gtt dt^ + 2gt^ dtd0 + 



d9^ 



I + w'^{l + a"^ — bw + aP'w'^) 



cos^ 9 
(A.l) 



where a := j, b := w :- 



and 



gtt = ^ - 1 - a sin 9 + 



bw 



gt^ = /a sin 9 [ — + a'' 



f sin^ 9 { — + d' 



1 -|- a'^w'^ cos^ 9 ' 
bw 



1 -|- a^w^ cos^ 9 , 

o, bwa"^ sin^ 9 



w^ I 1 -|- a^w^ cos^ 9 

The canonical coordinate z[w^ 9) fulfilling eikonal equation 

2 

= 1 



Idz 



(A.2) 



(A.3) 



can be found with the help of the following conditions: 



, z ow 



bw + a w )] 



(A.4) 
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1^] (l--a^cos'e) = -a^cos''e. 
z oO 



(A.5) 



It is easy to check that each solution of ( lA.4tlA.5T) is simultaneously a solution of ( lA.Sp 
for the metric (lA.ll) . We are looking for a solution of ( 1 A. 411 A. 51) in the following form: 



In^ = A{w) + B{e) 

which leads to the following ODE's: 

dA 1 
w—— = = 

dB a cos 9 

~dB ~ VI -a^ cos2r 
The solution of equation (1A.6P expresses in terms of the elliptic integral 

A 



(A.6) 
(A.7) 



but flA.7p possesses the simple solution: 
B = \Yi(a sin 9 + ^l-a? cos^ 9^ . 



Moreover, considerations (similar to (14.40 1) in the case of Schwarzschild-AdS metric) 
lead to the following formula: 



A = In 



w 



F{a, b, w) 



1 + + + 
with the function F implicitly defined by the following conditions: 
F(a,6,0) = 0, F{0,b,w) =bF{b,w) , 



OF 



1 



1 



w- 



dw + w^{l + a^-bw + a^w^) ^/TTw^JTTW) 

Finally, we have 



ziw, 



, ^ (asin6' + Vl - g^cos^g ) exp[F(a,6, w)1 ■ (A.9) 

1 + v/l+w2(l + a2) V J yi K , , Ji K J 



Analyzing series expansion of the right-hand side of flA.SP we can easily produce an 
asymptotic form of F: 

F = -w'- -a^w^ - -(1 + a^)w' + —[2a\l + a^) + 6>6 + 0{w') (A.IO) 
6 8 20^ ' 16^ ^ ' ^ K J K J 
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which enables one to analyze asymptotics at J" . However, to obtain the canonical 
form (14.21) for the metric ^Korr-Ads we should change a coordinate d because ^(dz, d^) 
is not vanishing. We are looking for a new coordinate Q{w^ 6) with the following 
properties: 

e{o,e) = e, g{dz,de) = o. 

Orthogonality of coordinates z and 6 leads to the following condition: 

de 



+ 



aw 



cos 9^/1 — cos^ 86 







which implies that the curve 9(w, 9) = const, obeys the following ODE: 

aw cos 9\^1 — a?- cos^ 9 



d9 
dw 



dw 



f ^/l + w^{l + a^ - bw + dV) 



(A.ll) 



It is easy to verify that ODE (lA.lip leads again to elliptic integral. More precisely, 
let us define 



S{t) := a 



w dw 



iQ a/1 + w'^{l + a'^ — bw + a^w"^) ' 
then the solution of ( lA.llI) takes the following form: 

sin 9 , sin ^ 



5{w) 



artanh ■ 



\/l — a^ cos^ 9 



— artanh ■ 



1 — cos^ 9 



-w^ - -(1 + a2)^4 ^ + 0{w^) 
2 8^ ' 10 ^ ' 



(A.12) 
(A.13) 



Now, we are ready to calculate induced three-metric h on the surface S = {z = const.}. 
We have 



= dA + d5 



dw 



+ 



acos^ 



w 



\Jl + w'^il + a^ — bw + a^w"^) — a^ cos^ 9 



.d9 



and (from ([02]) ) 
dO 



de 



aw dw 



cos^Vl-a^ cos2^ cos^Vl-a2 cos^ ^ ^1 + w^{l + d?-bw + a^w^) 
which implies 

d^ , o o o d^ 



cos 9\/l — a^ cos^ 9 



'1 + a^w"^ cos^ I 



cos6'vl — a^ cos^ 9 



(A.14) 
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Let us define t := j. Formulae (IA.12P and flA.14p together with flA.ip enable one to 
derive implicitly the induced three-metric h with respect to coordinates t, 6, 0: 



cos^ 6 



w"^ I cos^ 6{1 — a'^ cos^ 



+2a sin^ 9 {1 + a^vo^ 



j2 5'Korr-AdS 



+ sin^ e 

1 + a^w"^ sin^ 6 + w'^ 
Let us observe that the conformal factor 



l + aW)(l-a^) + 



1,-2 2 2 Q • 

1 + a"^w^ cos^ t) ^ 

bw^a^ sin^ 9 



1 + a^w^ cos^ 6 



d0^ (A. 15) 



a^w^ cos^ 9 



dt 



i2 



W 



1 sin 6^ + \^T^^^a^~co^~9 



exp F 



(A.16) 



is regular at ^ (corresponding to surface {w = 0}). To finish derivation of asymptotics 
of h we have to notice that (]A.12p written in equivalent form as follows: 



sm ( 



sin6' — tanh5(w) Vl — cos^ 6 
\/l - a2 cos2 9 Vl - cos^ 9 - tanh 6{w) sin 9 

defines (implicitly) the function 9{9,w). In particular 



(A.17) 



cos^ 9 - cos^ 9 = -25 cos^ ^ sin ^ V 1 - cos^ 9 + 0{6^) 

which is a straightforward consequence of (lA.17p . 

Equations (1A.9P and (1A.17P define the mapping {w,9) ^— {z,9). To obtain the 
explicit form of h this mapping should be inverted in the neighbourhood of z = w = 
corresponding to and applied to flA.lSp . 

If we put w = in flA.lSp . we obtain the asymptotic value of h at J^: 



1 /_ - , r 1 

- I a sin 6' + V 1 — cos^ 9 ) — —= 

4 V / il — cos^ 9 

+2a sin^ ^dt d0 + sin^ ^(1 - a^) d(f)^ - d? 



d9' + 



(A.18) 



Remark : Let us notice that sometimes the coordinates (t, w, 9, 0) are not convenient 
in the asymptotic region. According to [20] one can introduce new spatial coordinates 
(p, 9, $) defined as follows: 



p^^ cos O 



(1 — a^)0 + at , 
w^^ cos 9 , 

-2 I -2 • 2 /) -2—2 2/1 

w + a sm 9 — a w cos 9 , 



(A.19) 
(A.20) 
(A.21) 
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Some useful formulae describing coordinate transformation {w, 6, (p) ^ (p, G, $) are 
given in Appendix I A. 2 [ In particular, they enable one to prove that in new coordinates 
the induced metric h at ^ takes the following form: 



(0) 

h 



4(1 - a sin 6)' 



de^ + sin^ e d$^ 



(0) 



dt 



T2 



(A.22) 



which explicitly shows that metric h (for a < 1) is in the conformal class of the 
Einstein static universe (cf. (14.61) ). 

Let us denote by u the following function: 



a sm 



me+ Vl - a2 



cos 



2^ 



(0) 



which comes from conformal factor in metric tensor h given by (1A.18I) . To derive 
higher order terms in hab for Kerr-AdS we have to check the following formulae: 



uj{9) a sin 6* + \/l — cos^ 



a sm 



9+^1 -a? cos^e 



1 + acos^ 65 + 0(5'^) 



cos^ 6 
cos^ 6 



1 - 25sin^Vl-a2 cos2 ^ + 0(5^) 



asm 



in eVl-a^ cos^ew"^ + Oiw^) 



_ cos^ 9 



_ 1 + Vl - cfl cos2 ew^ + 0{w^) 

sin 6 sin 6 

which together with flA.161) and flA.lOl) imply 



1 - (1 + sin^ 9)w^ + -w^ + 0{w^) 

3 



(A.23) 
(A.24) 

(A.25) 



Now we are ready to derive higher order terms in (lA.lSp . We obtain the following 
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non- vanishing components of three-metric h: 
cos^ Q 1 



hi 



h 



t<t> 



X 



X 



w'^ cos^ 9 il — cos^ 



1 - (1 + a2 sin2 e)w'^ - a sinO^l-cfi cos'^Ow^ + ^w^ + 0{w'^) 

(1 -a2 cos2 e)uj{ey 



,(A.26) 



^ ( 1 + a^w"^ sin^ O + w 



1 + a^w^ cos^ 9 



MO) 



-2 



Z 



a sin^ 6^ ( 1 + a^w"^ — 



1 + a'^w'^ cos^ 9 



(A.27) 



asin^^cu(^)"^ x (A.28) 



cos^ f) I - 9h 

1 + Vl-a^cos^e w^-{l~a^ cos^ e)w^ - ^w'' + 0{w^) 

sin 9 3 



sin^^- 



(l + rw;^)(l-a^) + 



bw'^o? sin^ 6 
1 + a^ty^ cos^ 9 



sm^9uj{9y\l-a^ 
cos^ ^ 



a2sin^6', o ^, 
1 — a-^ 



(A.29) 



1 + 



^ yl-a? C0S2 ti;2 _ (1 _ a2 ^^^2 ^^^^2 ^ ^ Q(^^4^| 

sin0 3 



Let us observe that asymptotics at with respect to coordinate w with coefficients 
depending on 9 can be easily transformed into demanded asymptotics with respect 
to coordinate z. More precisely, from (IA.25P we have zuj{9) = w{l + 0{w'^)) which 
implies 



aoi9) + a2{9)w' + a^{9)w' + 0{w^) = ao(^) + a2{9)uj{9Yz' + a^{9)uj{9Y z'' + O(z^) , 

which means that the coefficients in the third degree polynomial do not mix each 
other when we pass from w to z. 
Hence, we get 



h 



uj-"^ - (1 + sin^ 9)z'^ - a sin 9^1 - a? cos'^ 9z'^ + \ujz'^ 



+ 2a sin^ 9 



■ 1 



(1 — a? cos^ 
cos^ 9 



d9' 



+ sin^ 9{l - a 

cos^ 9 



sin 9 

sin^ 9 



1 — a 



7,2 



\ — a? cos^ 9 z^ 
huYz^ 



'l-a^cos^9)z'--cuz^ 



dt d(j) 



uj + a- 



sin 9 



1 — cos^ 9 z 



dctY 



UJ 



-2 
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-uoz 



dt' + Oiz'' 



(A.30) 
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(2) 
h 



1 + sin^ 6) + a sin 6^/ 1 - cos^ 6 



+ 2a sin^ 9 



cos^ 6 



d9' 



sin 9 

+ sin2^(l - 



\^Y-^aP~co^~9 — (1 — cos^ 



cos^ 9 I ~ 

a ^ y 1 — a? cos^ 9 

sin 6' 



'1 — cos^ I 



d02, (A.31) 



^|2d? 
3 1 

^ dg^ 
1 — 0? cos^ ^ 



4a sin^ ^ dt d0 + (l - + Sa^ sin^ ^) sin^ ^ d0^ 

}■ 



A.l Mass and angular momentum of Kerr-AdS 

From ( lA.lSl) we have 



1 (0) 
— det h = 'jJ sin 6' . 



Moreover, flA.32p implies 



X°<^ = hauf" sin^ 9 = ^^a;^ sin^ 9 . 

Hence for cut C := {t = const.} C we obtain 
3/2 



167r 



(0) 

X%V-det h d9, 



Sma 



c 



sin 9 d9 = ma 



which gives (16. 8p . To obtain (16. 7p we observe that 



^ ^ 3 31 



which imphes 
3/ 



X 



° ^' det ^/l^d0( 



m 



c 



sin ^ d6' = — m , 



(A.32) 



A. 2 "Henneaux-Teitelboim" coordinates p, 0,$ in Kerr-AdS 

The following formulae: 

(1 - aV 



P 



cos^e 



1 — cos^ ^ + a^w^ sin^ ^ 

(l-a2)cos2^ 
1 — cos^ 9 + o?w'^ siv? 9 
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(A.33) 
(A.34) 



describe the coordinate transformation {w, 
(1 + a^w^) cos^ e 



(p, 9). Moreover, we have 



cos' 9 



1 — sin^ G + a^w"^ cos^ 6 

(1 -a2)sin2e 
1 — sin^ 9 + a^w^ cos^ 6 



P 



1 — sin^ 6 + a^w^ cos^ 9 

1 + a'^w'^ 
$ - at , , d$ - a dt 



■w 



l-a2 



l-a2 ' 



1 - a' sin' e - a'p' + J {I - o? sin' 6 - a?p^y + Aa?p^ cos' 6 



d^ 



1 — a? sin' 9 + a'w' cos' 9 



d9- 



a'w sin 9 cos 9 
1 + a'w' 



dw 1 . 



B Curvature of conformal boundary in NUT-AdS 
spacetime 

For the metric (14 .5 71) we have the following non-vanishing Christoffel symbols: 



Q 

-rsine(l + 4P)tan'- 



J- 90 

i 4,4, 

J- 00 

r^o 



2/^ tan 



e 



sin' 6* ( 4P tan - - cot 6 



9 



—I sin 6 . 
I 



sin 9 



9 



-2P tan - + cot 61 . 
2 



(B.l) 
(B.2) 

(B.3) 
(B.4) 
(B.5) 

(B.6) 



For the Ricci tensor 



T^ab — dcT'^ab — dbV^ac + ^'^ab^'^cd — ^'^ac^'^db 
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we get the following components: 

Tlee = I + 2P, (B.7) 

7^oo = 2P, (B.8) 

7^0^ = sin^ e(l + 2P + 8P tan^ ^ ) , (B.9) 





7^o0 = -4Psin^tan-, (B.IO) 

-Reo = 0, (B.ll) 
TZe^ = 0, (B.12) 

together with the scalar curvature 

7^ = h^^TZab = 8(1 + P) . 
The above formulae for the Ricci tensor imply 



"^06)10 ~ T^o<t>\e — 2/ sin 9 . 



Moreover, 



(0) g 

— det h(3 = 2Coe<t> = 27^o6»|0 — 27^o0|6» 
because TZ^a = 0. Similarly we have 

Coeo = = Co^o 
which implies 

p\ = o = p%. 
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